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ABSTRACT
EFFECT OF OXIDE LAYER THICKNESS ON TUNNELING-PERCOLATION
THRESHOLD IN NANOPARTICLE-POLYMER COMPOSITES
Hannah Riley Killian
UMW Department of Physics
Bachelor of Science
Nanoparticle-polymer composites (NPC’s) consist of an insulating polymer matrix containing
nanoparticles. The amount of particles within the polymer can be described by a volume fraction.
For NPC’s containing metallic particles, the composite transforms from an insulator to a conductor
at a specific volume fraction, known as the percolation threshold. Previous studies found NPC’s
to be conductive at low volume fractions, where the particles were not in contact, suggesting that
electrons may be tunneling through the matrix. Additionally, many metallic particles have an
inherent oxide shell. Since oxides are semiconductors, the addition of this third layer with different
electrical properties increases the complexity of the nanocomposite.
This research evaluated the effect of the oxide layer on particles in a nanocomposite through
treatment of percolation and quantum tunneling theories to explore the conductive behavior of NPC’s
in RF fields. Quantum mechanics was used to evaluate the probability of an electron tunneling
between two Cu or CuO particles in an insulating polymer matrix. The transmission probability
for an electron to tunnel from one Cu nanoparticle to another in a PMMA matrix of a NPC with
an electric potential of approximately 60 V was found to be very high, with tunneling probable
until approximately 200 nm particle separation. After the incorporation of an oxide shell, the
probable tunneling distance between CuO particles increased to 300 nm. A percolation model was
constructed in MATLAB, where the tunneling distances for Cu and CuO particles were incorporated
to estimate the volume fraction of a NPC. The percolation threshold was found to be lower for
composite containing CuO particles. Thus, the addition of the oxide layer increased the tunneling
distance between particles and decreased the percolation threshold needed to obtain a conductive
NPC.
Keywords: nanoparticle-polymer composite, nanocomposite, quantum tunneling, percolation
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Chapter 1
Introduction
1.1 Preliminary Background
The fields of physics, materials science, and engineering all converge at a highly promising new
avenue of research: nanotechnology. Nanotechnology involves the engineering, characterization,
and application of nanomaterials with the primary intent of manipulating matter on an atomic and
molecular scale. More precisely, nanomaterials are defined as a single component with at least one
dimension between 1 and 100 nm and can be either naturally occurring or engineered.1
Nanomaterials are often geometrically classified based on the number of dimensions that fall
within the range of 1-100 nm. For example, nanoparticles are zero-dimensional nanomaterials
because they are point-like and each dimension spans less than 100 nm. Nanorods, nanowires,
nanofibers, and nanotubes are not zero-dimensional because one of their respective dimensions
extends beyond 100 nm.
The growth of interest in nanoscale materials is in part due to the unique electromagnetic,
thermal, and optical properties that nanomaterials exhibit. These properties often differ from
classical expectations because the surface area to volume ratio for nanomaterials within a medium
1
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is inversely proportional to the size of the nanomaterial itself. Thus, the smaller the particle is, the
greater the surface area it possesses in the material of the medium, which contributes to non-classical
effects.2 Additionally, nanomaterials exhibit quantum trapping, or waveguide-like effects, where the
materials confine their electrons because their overall diameter is approximately equivalent to the
de Broglie wavelength of the electron, which is 1.2 nm.3 Many different types and combinations of
nanomaterials have been engineered in order to exploit their unique properties. These combinations
have been found to have a variety of applications. A particular type of engineered nanomaterials of
interest to this research is nanocomposites.
1.2 Polymer Nanocomposites
A composite contains two distinct types of materials. Typically, composite materials are designed in
order to make use of the properties from each component, forming a new material that exemplifies
the desired properties of each of its components. A common type of composite material consists of
one component completely submersed within another component, referred to as the host material or
matrix. In many of these composites, the internal component is a type of nanomaterial, which is
defined within the nanoscale range of 1-100 nm. A nanocomposite is thus a composite material
consisting of nanomaterials within a host material.1
There are a variety of applications for nanocomposites, and they can take many forms depending
on the desired properties of the composite. For example, carbon nanotubes have high conductivity,
so they are often used to enhance the electrical properties of a poorly conducting host material.4
Due to the large surface area to volume ratio of the nanomaterials within the composite, the host
matrix is significantly affected in terms of its electromagnetic, thermal, mechanical, and optical
properties. The amount of nanomaterials within the host matrix, however, maintains a large effect
on the overall measurable and observable macroscale properties of the nanocomposite.1,2
1.2 Polymer Nanocomposites 3
Figure 1.1 Nanoparticle-polymer composite (NPC).
Polymer nanocomposites (PNC’s) are particular types of composites where the host material is
comprised of a polymer or copolymer that contains nanomaterials. More specifically, nanoparticle-
polymer composites (NPC’s) are materials that consist of nanoparticles between 1-100 nm within a
polymer matrix, as illustrated in Figure 1.1.
The amount of nanoparticles within the polymer is referred to as the volume fraction, VF , which
is the volume of the nanoparticles divided by the volume of the polymer. For spherical nanoparticles
in a cylindrical composite, as seen in Figure 1.1, the volume fraction would be defined by the
following equation, where n is the number of nanoparticles, R is the radius of the nanoparticles, r is
the radius of the cylinder, and z is the height of the cylindrical composite.1,2
VF =
4nR3
3( r2)
2z
(1.1)
The volume fraction in NPC’s is commonly engineered and optimized so that the composite
exhibits the desired properties of the material, such as electrical conductivity.
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Figure 1.2 Diagram of the conduction and valence bands, Fermi level, and band gap for
conductors, semiconductors, and insulators.
1.3 Conductivity of Nanocomposites
Many types of nanocomposites are engineered to enhance the electronic properties of the material,
such as conductivity. Conductivity is the ability of a material to conduct current through the flow
of electrons. A conductor is a material in which one or more electrons are free to roam for each
atom. In other words, conductors have a high conductivity. By contrast, insulators have a very low
conductivity, where the internal electrons are very resistant to move.5
Metals are great examples of conductors. They have a very high number of electrons that are
free to move, referred to as conduction electrons, which originate from the valence band of the
atoms. In metals, the electrons can move so freely because there are many energy levels for the
electrons near the Fermi energy of the metal. The Fermi energy is the energy level in the metal up
to which the electrons have filled. In other words, it is the first energy level for the electrons that has
vacancies. The lower energy levels must remain filled with electrons.6
In solid-state physics, the valence band is the highest energy level that is filled with electrons,
while the conductance band is the lowest energy level that is entirely vacant (Figure 1.2). In
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metals, the conductance band overlaps with the Fermi level, which is why metals are conductive. In
insulators, there is a band gap between the conduction band and the valence band, which is why
electron flow is negligible in insulators.
The Fermi level, FE , is also referred to as the electrochemical potential of electrons, and it
corresponds to the amount of work required to add an electron to a material. In contrast, the work
function, φ , of a material is the amount of work required to remove an electron.6 Additionally,
the electron affinity, X, is the amount of energy released when an electron is added to a neutral
material, while EI is the ionization energy and corresponds to the amount of energy required to
add an electron to a neutral material. Electron affinity and ionization energy are most often used in
reference to insulators and semiconductors.7 The dielectric strength of an insulator, EM , refers to the
maximum amount of electric field a material can withstand without breaking down. The breakdown
voltage is thus the minimum amount of electric potential required for insulator breakdown, which
occurs when the insulator begins to be electrically conductive.
Nanoparticle-polymer composites are unique because they contain conducting metallic particles
within an insulating polymer. During the NPC synthesis process, metallic nanoparticles develop an
oxide layer surrounding them whenever they are exposed to air.8 The oxide layer is a semiconductor,
which has electrical properties between that of an insulator and conductor, increasing the complexity
between the boundary of the insulating polymer and the metallic nanoparticles.6 Composites of
conductors and insulators have a conductivity characterized by the volume fraction of nanoparticles
in the polymer matrix. Thus, the electrical conductivity of the composite material depends on the
connectivity between the metallic particles.9 Previous studies, however, have reported conductivity
across a nanoparticle-polymer composite at low volume fractions where the conducting particles
were not touching, indicating that there is a separate phenomenon responsible for the transfer of
electrons within the material.10,11
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1.4 Nanocomposites in Radio Frequency Fields
The radio frequency (RF) part of the electromagnetic spectrum consists of frequencies between
3 kHz and 300 GHZ, where microwaves are between 300 MHz to 30 GHz. RF electromagnetic
waves are unique due to their long wavelength, providing them with the ability to carry information
over long distances. Additionally, the high frequency of RF fields has easily measurable phases and
magnitudes, enabling them to be implemented in relatively cheap devices. The skin depth within
this frequency range also allows for the penetration within the surface of materials.12
In nanocomposites and other nanoscale materials, the wavelength of RF electromagnetic waves
is longer than the diameter of the material itself, similar to an antenna. In nanoparticle-polymer
composites with metallic conducting nanoparticles inside an insulating polymer, the interaction of
the nanocomposite with RF electromagnetic waves produces unique electrical properties.10
Electromagnetic waves interact with the internal charges in conductors, causing them to oscillate
with the same frequency as the field. With RF fields, the oscillations of the electrons in the
conducting nanoparticles can be very fast, generating an electric current within the composite.
The magnitude of the current will be the strongest at the surface of the conducting particles. In
contrast, the insulating polymer of the nanocomposite reflection or transmission characteristics
depend on the permittivity of the insulator. Permittivity is the measure of resistance of a material
to an electromagnetic field, and it is determined by the ability of a material to be polarized.10 In
insulators, the material may become polarized, where the positive charge is shifted in one direction
and the negative charge, or electrons, move in an opposite direction. This shift of charge is referred
to as a dipole, which is formed in insulators when interacting with an electromagnetic field.5 The
dipoles in an insulator will oscillate along with the field. When interacting with RF fields, the
dipoles in the polymer of a nanocomposite will oscillate rapidly, causing the charge within the
insulator to continuously shift back and forth.10
Thus, metallic nanoparticles have the ability to transfer electrons when touching due to the lack
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of band gap in metals. However, in a nanocomposite with conducting particles separated by an
insulating polymer, the charge transfer is inhibited due to the high resistivity of the insulator.
1.5 Passive Intermodulation Distortion
Passive intermodulation (PIM) distortion is an effect studied in communications and radar systems
that involves the generation of harmonic frequency products from impurities in a material, resulting
in interference due to signal mixing. Multiple causes of PIM exist, including metallic contact,
tunneling effects, the “rusty bolt” effect, ferromagnetic materials, and surface effects.13 On the
nanoscale, tunneling effects between metallic surfaces can cause PIM. There is potential to use PIM
to characterize nanoparticles that are comprised of a metallic core material and an outer shell of
oxide. The metal-oxide-metal junction between two nanoparticles is similar to the metal-insulator-
metal (MIM) junction in tunneling diodes.14 Tunnel diodes exhibit a nonlinear response that can be
compared to the nonlinear frequency distortion arising from PIM.15
Exposure of materials with MIM junctions to RF and microwave signals generates current
rectification, the conversion of alternating current to direct current.16,17 This effect leads to an
enhancement of corrosion effects, which is an application that can be investigated using nanocom-
posites. Previous research on the electrical and microwave characterization of a composite material
with silver nanoparticles has demonstrated a nonlinear response and an increase in conductivity
with applied voltage. It has been concluded that a tunneling mechanism may be responsible for this
effect.9−11,18,19
Several theoretical studies have addressed this through the modeling of conductor-insulator
nanocomposites.9,18,19 There are two theories commonly used to describe the electrical connections
of conducting particles in an insulated matrix: percolation theory and quantum tunneling.
According to percolation theory, particles are either locally connected or disconnected, and
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connectivity between distant particles is only achievable through a path along locally connected
particles.9 The theory governing quantum tunneling, however, states that electrons can flow from one
particle to another through a tunneling process even if the particles are not physically touching.18
Each theory is able to describe a composite system under certain conditions. For percolation theory
to hold, the percolation threshold must be reached. The threshold is governed by the volume fraction
in the sample, or the amount of conducting particles within the system. In contrast to percolation
theory, the occurrence of quantum tunneling is dependent on inter-particle distance and a tunneling
length characteristic to the material.18,19
1.6 Research Goals
This research was done in support of an In-House Laboratory Independent Research (ILIR) project
with the Naval Surface Warfare Center Dahlgren Division, investigating the use of radio frequency
passive intermodulation (PIM) distortion as a technique to characterize nanoparticles in a composite
material. The main goals of the ILIR were to determine the ratio of shell to core thickness or number
of nanoparticles present in the composite through PIM measurements, to apply the results of PIM
analysis to electrical current enhancement of corrosion, and to evaluate the theory behind the signal
mixing and nonlinear behavior of the nanocomposite.
The latter goal was examined in this thesis, using quantum theory to first evaluate the probability
of tunneling between two conducting metallic nanoparticles in a nanocomposite. In order to also
consider the effect of the oxide layer on the nonlinear response of the nanocomposite, the tunneling
probability was determined between two particles with a semiconductor oxide shell within the same
insulating polymer material. Finally, percolation theory was also explored as another means to
quantify conductive behavior of a nanoparticle-polymer composite as a function of NPC volume
fraction.
Chapter 2
Theory of Quantum Tunneling in
Nanocomposites
2.1 Introduction
In this chapter, the solution for quantum tunneling through a potential barrier is presented. The
Schrodinger equation is solved for the general case of tunneling for the three cases where the
supplied electric potential is greater than, less than, or equivalent to the potential of the barrier.
It is shown how to determine the electric potential from an RF source, as well as how to estimate
the barrier potential for a nanoparticle-polymer composite. A method is illustrated that allows
for the determination of the barrier potential for a NPC with purely conductive particles and for
a nanocomposite containing conductive particles with a semiconductive layer. The probability of
tunneling for specific NPC systems is illustrated in Chapter 3.
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2.2 Tunneling through a Potential Barrier
In classical mechanics, a particle with energy E could never enter a region with electric potential
V if E < V because the kinetic energy of the particle would be negative. In quantum mechanics,
however, the particle behavior is characterized by a wavefunction. For a finite height barrier, a
particle does not have enough energy to escape by traveling over the barrier, but it does have a
probability to penetrate the barrier. Hence, using quantum mechanics, a particle with E < V has the
ability to tunnel through a potential barrier.
The equation for the wavefunction, ψ(x), must be a solution to the time-independent Schrodinger
equation, which is represented by the following equation in one dimension,20
− h¯
2
2m
d2ψ
dx2
−V0ψ = Eψ. (2.1)
Depending on the energy of incoming particle, in this case an electron, and the magnitude of the
potential barrier the particle must overcome, tunneling may or may not occur. The probability for
tunneling to occur can be found by determining the probability of transmission through the barrier
by solving the Schrodinger equation for the wavefunction of the electron in several regions. The
wavefunction will take on different forms in Region I, II, and III (Figure 2.1).20
In Region I, V(x) = 0 where x < - L. In Region II, V(x) = V0 where x is between -L and L. Finally,
in Region III, V(x) = 0 where x > L. There are three distinct cases for the relationship between the
electron’s energy and the potential of the barrier:
1. The energy is below the barrier, 0 < E < V.
2. The energy is equal to the barrier, E = V.
3. The energy is above the barrier, E > V.
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Figure 2.1 Regions for tunneling through a potential barrier.
In each of the above cases, the wavefunction differs within the potential barrier, Region II.
For this research, only the first and third cases will be considered because the probability of the
energy exactly equaling the potential barrier is highly unlikely because both quantities are defined
by experimental conditions and the material composition of the nanocomposite. In the cases where
the energy is exactly equivalent to the potential barrier, however, the tunneling probability is always
50%, and it is independent of the length of the barrier, L.
For the first case where the energy of the electron is below the barrier, the Schrodinger equation
within the barrier takes on the form,
ψ ′′ = k2ψ (2.2)
where
k =
√
2m(V0−E)
h¯
. (2.3)
The solution to Equation 2.2 takes on the form,
ψII(x) =Cekx +De−kx. (2.4)
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Outside the barrier, Equation 2.1 takes on the form,
ψ ′′ = Eψ. (2.5)
Assuming the incident electron comes from the left, the wavefunction on the left side of the
barrier is the sum of the traveling waves moving in the ”+x” and ”−x” directions. On the right side,
only the waves that have propagated through the barrier exist. Thus, the respective wavefunctions
for Regions I and III are:
ψI(x) = Aeiαx +Be−iαx (2.6)
ψIII(x) = Feiαx (2.7)
where
α =
√
2mE
h¯
. (2.8)
Since the wavefunctions at the barrier are equivalent, four boundary conditions result. On the
left boundary of the potential barrier, at x = -L, the boundary conditions are:
Aeiα(−L)+Be−iα(−L) =Cek(−L)+De−k(−L) (2.9)
iα
(
Aeiα(−L)−Be−iα(−L)
)
= k
(
Cek(−L)−De−k(−L)
)
. (2.10)
On the right side of the boundary at x = L,
Cek(L)+De−k(L) = Feiα(L) (2.11)
k
(
Cek(L)−De−k(L)
)
= iαFeiα(L). (2.12)
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Solving these equations in terms of A yields B, C, D, and F,
B = A∗ e
−2iαL (α2 + k2)(e2kL− e−2kL)
2αki
(
e2kL + e−2kL
)
+(α2− k2)(e2kL− e−2kL)
= A∗ e
−2iαL (α2 + k2)sinh(2kL)
2αkicosh(2kL)+(α2− k2)sinh(2kL) (2.13)
C = A∗ e
−Lk−iLα (−α2 +αki)
2αkicosh(2kL)+(α2− k2)sinh(2kL) (2.14)
D = A∗ e
−Lk−iLα (α2 +αki)
2αkicosh(2kL)+(α2− k2)sinh(2kL) (2.15)
F = A∗ 2αki
(
e−2iαL
)
2αkicosh(2kL)+(α2− k2)sinh(2kL) . (2.16)
The transmission coefficient, T, describes the probability for an electron to tunnel through the
potential barrier where E < V, as follows,20
T =
F∗F
A∗A
(2.17)
T =
(
A∗2αki(e−2iαL)
2iαkcosh(2kL) +(α2−k2)sinh(2kL)
)
∗
(
A∗−2αki(e2iαL)
−2iαkcosh(2kL) +(α2−k2)sinh(2kL)
)
A∗A
T =
4k2α2
(k4 +2α2k2 +α4)sinh2 (2kL)+4k2α2
. (2.18)
For the third case where the energy of the electron is above the barrier, the Schrodinger equation
within the barrier in Region II takes on the form,
ψ ′′ = λ 2ψ (2.19)
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where
λ =
√
2m(E−V 0)
h¯
. (2.20)
The solution to Equation 2.19 takes on the form,
ψII (x) =Ceiλx +De−iλx. (2.21)
Outside the barrier, the solution is the same as in the first case. Again, since the wavefunctions
at the barrier are equivalent, four boundary conditions result. At x = -L, the boundary conditions
are:
Aeiα(−L)+Be−iα(−L) =Ceiλ (−L)+De−iλ (−L) (2.22)
iα
(
Aeiα(−L)−Be−iα(−L)
)
= iλ
(
Ceiλ (−L)−De−iλ (−L)
)
. (2.23)
On the right side of the boundary at x = L,
Ceiλ (L)+De−iλ (L) = Feiα(L) (2.24)
ik
(
Ceiλ (L)−De−iλ (L)
)
= iαFeiα(L). (2.25)
Solving these equations in terms of A yields B, C, D, and F,
B = A∗ e
−2iαL (α2−λ 2)sin(2λL)
(α2 +λ 2)sin(2λL)+2iλαcos(2λL)
(2.26)
C = A∗ e
−iL(λ+α) (λ +α)α
−i(α2 +λ 2)sin(2λL)+2λαcos(2λL) (2.27)
D = A∗ e
−iL(α−λ ) (α−λ )α
i(α2 +λ 2)sin(2λL)−2λαcos(2λL) (2.28)
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F = A∗ 2αλ
(
e−2iαL
)
−i(α2 +λ 2)sin(2λL)+2λαcos(2λL) . (2.29)
The transmission coefficient, T, in this case where E > V is represented by the following,20
T =
F∗F
A∗A
T =
(
A∗2αλ(e−2iαL)
−i(α2+λ 2)sin(2λL)+2λαcos(2λL)
)
∗
(
A∗2αλ(e2iαL)
i(α2+λ 2)sin(2λL)+2λαcos(2λL)
)
A∗A
T =
4λ 2α2
(λ 4 +2α2λ 2 +α4)sinh2 (2λL)+4λ 2α2
. (2.30)
2.3 Electric Potential from an RF Source
In order to apply the general case of tunneling to a nanoparticle-polymer composite, the conduction
electron must originate from within the conducting nanoparticle. This electron then attempts to
tunnel through the insulating polymer to another metallic nanoparticle. The tunneling mechanism,
if probable according to the transmission coefficient, could potentially give rise to electric current
traveling throughout the nanocomposite, generating conductivity. Figure 2.2 illustrates the proposed
mechanism for electron tunneling in a nanocomposite.
The energy of the electron released by the conductive metallic nanoparticle is established by the
power of the electric field incident on the particle. For most RF sources, the electric field source is a
coaxial cable, which is a type of transmission line that has an inner and outer conductor separated
by a dielectric material. The maximum electric potential of the cable can be determined by the
average power input, P and the impedance of the line, Z0, using the following equation.21
V =
√
2Z0Pavg (2.31)
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Figure 2.2 Proposed mechanism for tunneling in a NPC, where an electron is released by
a conductive metallic nanoparticle and tunnels through the insulating polymer, which is
the barrier.
The resulting electric potential of the coaxial cable is representative of the energy supplied to
the nanoparticles in a NPC that gives the conduction electrons the ability to tunnel through the
insulating polymer. In Chapter 3, the electric potential of an RF source will be evaluated and
compared to the potential barriers of specific NPC’s to determine if quantum tunneling is possible
with the supplied electric potential.
2.4 Barrier Potential for Nanocomposites
To apply the general case of tunneling to a nanoparticle-polymer composite, the barrier potential
of the insulating matrix needs to be known in addition to the electric potential of the RF source
supplied to the electron. Most metallic nanoparticles, however, have an inherent, size dependent
oxide layer surrounding them due to exposure to air, as depicted in Figure 2.3 with copper (Cu)
nanoparticles.8
The semiconductive oxide layer has not been accounted for in previous research, although the
change in electrical properties at the polymer interface is expected to change the material properties
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Figure 2.3 Conductive nanoparticles develop an inherent semiconductive oxide layer
when exposed to air.
significantly. Thus, the equations to define the barrier potential for NPC’s containing conductive
nanoparticles as well as NPC’s with conductive nanoparticles with a semiconductive shell are given
in this section. In Chapter 3, two different NPC’s (Cu/PMMA and CuO/PMMA) are modeled using
the solution for quantum tunneling in order to evaluate the effect of the semiconductive oxide layer
by changing the barrier potential calculation.
2.4.1 Metallic Nanoparticles
In nanocomposites composed of purely conductive nanoparticles within an insulating matrix, the
barrier potential can be estimated by the following, where FE is the Fermi level of the metal, φ is
the work function of the metal, and EM is the dielectric strength of the insulator.7
V = FE +φ +EM (2.32)
The barrier potential is thus represented by the addition of the amount of electric potential that
is needed in order to remove an electron from one conductive nanoparticle, add an electron to a
different nanoparticle, and break down the insulating polymer barrier.
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2.4.2 Metallic Nanoparticles with a Semiconducting Oxide Shell
In order to account for the inherent oxide layer on conductive nanoparticles, a different calculation
must be performed for the barrier potential. The tunneling electron would now be released from
a semiconducting oxide layer of one particle and tunnel across the insulator to enter a hole in the
oxide shell of another particle.
In semiconductors, the Fermi level is in the band gap. Thus, in order to evaluate the energy
required to add an electron to the oxide, electron affinity is considered. Additionally, the ionization
potential is used in place of the work function as a measure of the amount of energy needed to
remove an electron from the semiconductor.22 The new equation to calculate the barrier potential is
as follows, where EI is the ionization potential, X is the electron affinity, and EM is the dielectric
strength of the insulator.
V = EI +X +EM (2.33)
The barrier potential is now represented by the addition of the amount of electric potential that
is needed in order to remove an electron from the oxide layer on one conductive nanoparticle, add
an electron to an oxide layer on a different nanoparticle, and break down the insulating polymer
barrier.
Chapter 3
Results of Quantum Tunneling Model
3.1 Introduction
In the previous chapter, the solution for quantum tunneling through a one-dimensional finite barrier
was derived from the Schrodinger equation. In this chapter, the solution is applied to a nanoparticle-
polymer composite consisting of copper (Cu) nanoparticles within a poly-methyl(methacrylate)
(PMMA) insulating matrix. A free electron is assumed to be emitted from a conducting nanoparticle,
which then tunnels through the insulating polymer. The insulator is modeled as a potential barrier,
and the electric potential is determined for an RF source, which is used to supply the energy of the
tunneling electron.
The probability of tunneling is thus evaluated from the supplied energy of the electric field
and the dielectric strength of the insulating polymer. The nanoparticles are first treated as purely
conductive metals, and later the tunneling probability is determined by incorporating an oxide layer
as a shell on the nanoparticles, representing a CuO/PMMA composite. The tunneling probability
for both the Cu/PMMA and CuO/PMMA nanocomposites is evaluated as a function of particle
separation to observe the effect of the oxide layer.
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3.2 Cu/PMMA Nanoparticle-Polymer Composite
The composite of interest to this research is a Cu/PMMA nanoparticle-polymer composite, which
consists of copper nanoparticles with a radius of approximately 50 nm embedded within an insulating
PMMA matrix. In order to apply the solution for quantum tunneling to the NPC, the electric potential
of the RF source and the barrier potential are first determined.
3.2.1 Electric Potential
The maximum electric potential of a coaxial cable, defined by Equation 2.31, is as follows,
V =
√
2Z0Pavg.
Using the power and impedance of the coaxial cable used in the experimental investigation
parallel to this research, the electric potential of the electron released from the conductor is thus
63.2 V.
V =
√
2(50 Ω)(40 W ) = 63.2 V
3.2.2 Barrier Potential
The barrier potential of a NPC composed of purely conductive nanoparticles within an insulating
matrix can be estimated by Equation 2.32, as follows,
V = FE +φ +EM.
This equation can be applied to any composite consisting of metallic nanoparticles in an
insulating material, but in this research Cu nanoparticles 10 nm apart in PMMA were considered.
The Fermi level and work function for Cu are 7.0 eV and 4.59 eV, respectively.6 The dielectric
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strength of PPMA has been measured at 60,000 V/mm.23 With the nanoparticles at a distance of
10 nm from one another, the corresponding voltage required to break down 10 nm of PMMA is as
follows,
60,000
V
mm
∗ 1000 mm
1 m
∗ 1 m
109 nm
∗10 nm = 0.60 V.
The barrier potential of a nanocomposite of Cu particles in PMMA is thus 12.19 V, as shown
below.
V = 7.0 V +4.59 V +0.60 V = 12.19 V
3.3 Treatment of Oxide Layer
All Cu nanoparticles exposed to air have an inherent oxide layer surrounding them, making them
CuO nanoparticles. Previously, the 50 nm particles consisted entirely of Cu, but in reality 50 nm
particles most likely consist of 47 nm of Cu and 3 nm of CuO, according to previous studies.8 In
order to incorporate the oxide layer into the models, the barrier potential is considered to be CuO,
which would mean the electron would be released from the CuO shell of one particle and tunnel
across 10 nm of PMMA to the enter a hole in the CuO shell of another particle. In order to once
again apply the solution for quantum tunneling for the CuO/PMMA NPC, the barrier potential was
first determined.
3.3.1 Recalculation of Barrier Potential
The barrier potential of a NPC composed of conductive nanoparticles surrounded by a semiconduct-
ing oxide layer within an insulating matrix can be estimated by Equation 2.33, as follows,
V = EI +X +EM.
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The electron affinity and ionization potential for CuO are 4.45 eV and 4.83 eV, respectively.22
The dielectric strength of the PMMA separating nanoparticles 10 nm apart is still 0.6 V. The barrier
potential of a nanocomposite of Cu particles with a CuO shell in PMMA is thus 9.88 V, as shown
below. Thus, the barrier potential of the CuO/PMMA composite is less than that for the Cu/PMMA
NPC.
V = 4.45 V +4.83 V +0.60 V = 9.88 V
3.4 Tunneling Results
The solution for quantum tunneling was applied to both Cu/PMMA and CuO/PMMA composites
by assuming that a free electron is emitted from a nanoparticle, which then tunnels through the
insulating polymer. The electric potential from the RF source used to supply the energy of the
tunneling electron was 62.3 V, and the barrier potential of the NPC’s were 12.19 V and 9.88 V,
respectively. The probability of quantum tunneling through the composite was thus evaluated.
3.4.1 Cu/PMMA Nanocomposite
Since the electric potential generated from the external RF field was greater than the barrier potential,
the third case for solving the Schrodinger equation for the tunneling probability was applied, where
E > V. Thus, the transmission probability was calculated according to Equation 2.30, and the details
of the Mathematica code are illustrated in Appendix A.
T =
4λ 2α2
(λ 4 +2α2λ 2 +α4)sinh2 (2λL)+4λ 2α2
.
At a 10 nm particle separation, the tunneling probability was found to be large, at 98.9%. Thus,
at this level of electric potential from the electric field, tunneling is highly probable. The inter-
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Figure 3.1 The transmission probability was evaluated for the quantum tunneling of an
electron from a Cu nanoparticle to another Cu nanoparticle in an insulating PMMA matrix
when supplied with 63.2 V from an RF source. The probability exponentially decreases
as the particles are separated, with tunneling 95% probable until the particle separation is
greater than 200 nm.
particle separation distance was varied from 0.1 to 850 nm in Mathematica. The barrier potential
was calculated for each corresponding inter-particle distance and compared to the 63.2 V electric
potential of the coaxial cable, resulting in Figure 3.1, which illustrates the tunneling probability as
a function of particle separation. It was found that the transmission probability for the tunneling
between Cu nanoparticles in PMMA is 95% probable until the particles were more than 200 nm
apart. This was in contrast to previous research that assumed tunneling could only occur between
particles separated by a distance of 10 nm or less.18,19,24,25 Previous studies did not identify the
source of the power, however, so it was assumed that the 40 W of power supplied to the transmission
line in this system was considered to be high power relative to the scale of the nanocomposite.
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One particular study modeled quantum tunneling in a similar nanocomposite using 3D spherical
wells instead of a finite potential barrier. The probable tunneling distance of 10 nm was determined
after applying a low voltage approximation and making the assumption that the inter-particle
distance was much less than the nanoparticle radius.25 This research presents a new way to model
quantum tunneling in nanocomposites without needing a low voltage approximation.
3.4.2 CuO/PMMA Nanocomposite
The third case for solving the Schrodinger equation for the tunneling probability was also applied to
the CuO/PMMA nanoparticle-polymer composite, where E > V. Thus, the transmission probability
was calculated according to Equation 2.30, as follows. The full details of the Mathematica code are
also illustrated in Appendix A.
T =
4λ 2α2
(λ 4 +2α2λ 2 +α4)sinh2 (2λL)+4λ 2α2
.
With the barrier potential of 9.88 V and a particle separation of 10 nm, the tunneling probability
was found to be approximately 99.6%. This was an increase in probability compared to the result
for the Cu/PMMA nanocomposite. Thus, electron tunneling was even more probable between the
semiconducting oxide layers on the Cu nanoparticles than between the purely conductive copper
cores.
The inter-particle distance was again varied from 0.1 to 850 nm in Mathematica. The barrier
potential was calculated for each corresponding inter-particle distance and compared to the 63.2
V electric potential of the coaxial cable, resulting in Figure 3.2, which displays the tunneling
probability as a function of particle separation. It was found that the transmission probability for
tunneling between CuO nanoparticles in PMMA is 95% probable until the particles were more
than 300 nm apart, at which point the probability began to exponentially decrease. The tunneling
probability for the CuO/PMMA NPC was greater than the case for tunneling between the pure
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Figure 3.2 The transmission probability was evaluated for the quantum tunneling of an
electron from a CuO shell on a Cu nanoparticle to another CuO layer in an insulating
PMMA matrix supplied with 63.2 V from an RF source. The probability exponentially
decreases as the particles are separated, with tunneling 95% probable until the particle
separation is greater than 300 nm.
metallic Cu nanoparticles in the PMMA matrix.
The potential barrier of the CuO/PMMA nanocomposite was less than the potential barrier of the
Cu/PMMA nanocomposite, meaning the electrons in the former NPC needed less electric potential
supplied to them in order to tunnel through the composite. This result indicated that electrons in
the semiconducting CuO layer were able to better overcome the potential barrier of the insulating
PMMA matrix and travel a farther distance within the insulator compared to the electrons in the pure
metallic Cu core of the nanoparticles. Thus, the inclusion of the inherent oxide layer on conductive
nanoparticles within NPC’s had a noticeable effect on the tunneling distance within the composite,
and this method has potential to be a more accurate model of nanocomposites in the future.
Chapter 4
Percolation Model
4.1 Introduction to Percolation Theory
Percolation theory is the study of connectivity between random networks. In the case of a composite,
these random networks are particles. According to percolation theory, particles are either locally
connected or disconnected, and connectivity between distant particles is only achievable through a
path along locally connected particles.9 Two particles, therefore, can be connected either through
direct contact or through a spanning path.
For the purpose of this research, a spanning path is defined as the path of local connectivity
between particles. This phenomenon is depicted in Figure 4.1. On the left side of the figure, particles
1 and 2 are in contact with each other, and particles 4 and 5 are also in contact with each other.
On the right side of the figure, however, particle 3 is now in contact with both particles 2 and 4.
A spanning path is thus formed between particles 1 and 5, making them connected according to
percolation theory. All of the particles along a spanning path are referred to as a cluster.26
26
4.1 Introduction to Percolation Theory 27
Figure 4.1 Depiction of particle connectivity and a spanning bath between particles in a
composite. On the left side, only particles 1 and 2 and particles 4 and 5 are in contact with
each other, but on the right side, a spanning path has formed so that particles 1 and 5 are
now connected according to percolation theory.
Another important concept for percolation is the percolation threshold, which for composite
materials is the volume fraction at which the composite takes on the properties of the filler particles
rather than the matrix. For NPC’s where the nanoparticles are conductive, there is a sharp, sudden
increase in conductivity at the percolation threshold.9,18,19,24−26 This is illustrated in Figure 4.2 in
terms of resistivity, which decreases with conductivity.27
Thus, in a NPC, increasing the number of conductive filler particles to reach the percolation
threshold creates a spanning path of conductivity across the composite. This is very important for
materials engineering, as conductive nanocomposites can be engineered if the percolation threshold,
or volume fraction needed for conductivity, is known.
The concept of connectedness in percolation theory is different from the theory governing
quantum tunneling, which states that electrons can flow from one particle to another through a
tunneling process even if the particles are not physically touching. Several studies have been
performed examining quantum and percolation theories separately in order to determine whether
the nonlinear conductive behavior of nanocomposites is due to particle connectedness in terms
of percolation theory or due to quantum tunneling of electrons between particles, according to
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Figure 4.2 There is a sudden decrease in resistivity at the percolation threshold for a NPC
with conductive particles in an insulating matrix.27
quantum theory.9,18,25
This research instead combines both theories by first evaluating the distance that an electron
is able to tunnel between particles within a composite. In Chapter 3, the tunneling distance for a
Cu/PMMA composite was evaluated to be 200 nm, while the tunneling distance in a CuO/PMMA
composite was found to be 300 nm. In this chapter, a percolation model is illustrated that was
created to examine particle connectivity based on the tunneling length.
4.2 Nanocomposite Model
A MATLAB script was created to model a nanocomposite using a combination of quantum and
percolation theories. Initially, an empty composite is created. Particles are then randomly distributed
within the composite. Each time a particle is added, a connectivity check is performed to see if
a particle on one side of the composite is connected to a particle on the opposite side, where
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Figure 4.3 An empty right cylindrical unit cell is created in MATLAB to model the
insulating matrix of a NPC prior to particle addition.
connectivity is defined in terms of the tunneling distance allowable between particles. The model
continues to add particles until a spanning path is reached across the composite, at which point the
volume fraction is calculated and is representative of the percolation threshold. Full details of the
MATLAB code are available in Appendix B.
4.2.1 Generation of Particles
An empty cylindrical unit cell is first created to model the insulating polymer matrix of the composite,
as shown in Figure 4.3, where lx, ly, and lz represent the respective dimensions of the cylinder, and
r represents the radius based on lx. A right cylinder was chosen, where lx and ly are equivalent, to
model the samples used in the experimental investigation parallel to this research.
Spheres are then randomly generated based on cylindrical coordinate values using a random
number generator function, rand(1), in MATLAB. The values are randomly assigned in terms of
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Figure 4.4 Particles are generated according to x, y, and z coordinates based on θ and ρ
definitions according to a cylindrical coordinate system.
x, y, and z coordinates describing the center of the spherical particle, as follows, where R is the
particle radius (Figure 4.4),
x = ρ ∗ cos(θ) (4.1)
y = ρ ∗ sin(θ) (4.2)
z = (lz−2∗R)∗ rand(1)+R (4.3)
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where
θ = 2∗pi ∗ rand(1) (4.4)
ρ = ((lx/2)−2∗R)∗ rand(1)+R. (4.5)
Each particle is generated such that it is within the boundary of the cylindrical composite.
Additionally, the x, y, and z coordinates corresponding to the origin of each sphere are stored in a
coordinate array, which is an n x 3 matrix, where n represents the number of generated spheres.
In order to be able to check connectivity across the cylindrical composite, the first two particles
are not generated randomly. The are placed on either side of the composite (Figure 4.5) by specifying
θ values equivalent to zero and pi in the definition for the x coordinate, setting the y coordinate to 0,
and setting the z coordinate to half of lz, as follows:
For particle 1:
x = (((lx/2)−2∗R)+R)∗ cos(pi)
y = 0
z = lz/2.
For particle 2:
x = (((lx/2)−2∗R)+R)∗ cos(0)
y = 0
z = lz/2.
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Figure 4.5 The first two particles in the percolation model are placed manually on either
side of the composite in order to check connectivity across the sample. Shown is a
composite with lz = 30 and lx = ly = 200, where the particles are placed at (-75, 0, 15)
and (75, 0, 15) with the origin in the center of the right circle at the base of the cylindrical
composite.
4.2.2 Connectivity Check and Spanning Matrix
Every time a new particle is generated, a distance calculation is performed between each particle
in order to check for connectivity between the first two particles. The distance, d, was evaluated
using the following equation where xi, yi, zi, x j, y j, and z j represent the x, y, and z coordinates of
two respective particles,
d =
√
(xi− x j)2 +(yi− y j)2 +(zi− z j)2. (4.6)
In order to incorporate the quantum tunneling distance, T, two particles are considered to be in
contact if d was equivalent or less than two times the particle radius plus the tunneling distance, as
shown:
d ≤ (2∗R)+T.
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A spanning matrix, M, is then generated in order to keep track of particle connectivity throughout
the composite, where the dimensions of the matrix are n x n. If two particles, i and j are determined
to be in contact with each other by being less than the tunneling distance apart, then the model
assigns a value of 1 to the ith row and jth column as well as the jth row and ith column. For example,
if particles 2 and 3 are in contact,
M(2,3) = M(3,2) = 1.
If particles 2 and 3 are not in contact,
M(2,3) = M(3,2) = 0.
The spanning matrix is generated after every connectivity check, and it grows in dimensions
after the addition of every particle. Additionally, the spanning paths between particles (as illustrated
in Figure 4.1) are included in the matrix. For example, if particles 1 and 4 are in contact and particles
4 and 5 are in contact,
M(1,4) = M(4,1) = 1
and
M(5,4) = M(4,5) = 1
then
M(5,1) = M(1,5) = 1.
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4.2.3 Percolation Threshold
The simulation terminates once particles 1 and 2 span with each other, since those particles are on
opposite sides of the composite. Once these particles span, the percolation threshold should be
reached. At this point, the sphere generation stops, and the volume fraction is evaluated according
to Equation 1.1.
4.3 Results of Percolation Model
The script written in MATLAB was successful at predicting the percolation threshold based on the
tunneling distances for each composite type evaluated in Chapters 2 and 3. The simulation thus far
has only been performed with composite dimensions on the microscale, since macroscale models
were too time-consuming to complete during this study. The following models illustrate preliminary
results and are only representative of the effect of the oxide layer on the percolation threshold, not
of experimentally synthesized composites.
Firstly, the Cu/PMMA NPC was modeled with cylindrical parameters of lx = ly = 2000 nm and
lz = 1000 nm with a tunneling distance of 200 nm. The MATLAB script was ran 50 times, achieving
an average volume fraction of 0.0065, as displayed in the table in Figure 4.6. Additionally, Figure
4.7 illustrates a modeled Cu/PMMA NPC with 399 particles added at a volume fraction of 0.0083
as a representative example of the model output.
To model the CuO/PMMA NPC and observe the effect of the oxide layer on the percolation
threshold, the tunneling distance was changed to 300 nm. The composite dimensions were consistent,
at lx = ly = 2000 nm and lz = 1000 nm. The MATLAB script was again ran 50 times, achieving
an average volume fraction of 0.0025, also displayed in the table in Figure 4.6. An example of
the output for the CuO/PMMA NPC with 106 particles added at a volume fraction of 0.0022 is
illustrated in Figure 4.8.
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Figure 4.6 The MATLAB script was used to simulate microscale Cu/PMMA and CuO/P-
MMA composites, resulting in average volume fractions of 0.0065 and 0.0025, respectively.
Thus, the percolation threshold decreased when the oxide layer was included.
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Figure 4.7 Modeled Cu/PMMA NPC with a volume fraction of 0.0083 representing the
percolation threshold.
Figure 4.8 Modeled CuO/PMMA NPC with a volume fraction of 0.0022 representing the
percolation threshold.
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From the results of the preliminary percolation threshold models comparing NPC’s with and
without the oxide layer, it was concluded that the percolation threshold was lower for CuO/PMMA
NPC’s compared to Cu/PMMA composites. This effect was due to the longer distance that
conduction electrons could tunnel within the CuO/PMMA composite because of the effect of the
semiconducting oxide layer.
Chapter 5
Conclusion
In this research, quantum theory was used to evaluate the probability of tunneling between two con-
ductive nanoparticles in a nanoparticle-polymer composite. The general solution to the Schrodinger
equation for transmission probability of an electron through a potential barrier was derived. The
solution was first applied to a Cu/PMMA nanocomposite consisting of Cu nanoparticles embedded
within a PMMA insulating matrix.
In the nanocomposite model, a free electron is emitted from a conducting nanoparticle, which
then tunnels through the insulating polymer. The dielectric strength of the insulator, as well as the
work function and Fermi level of Cu, were used to approximate the potential barrier. The electric
potential of the tunneling electron was determined from the power of an external RF source. The
probability of tunneling was evaluated from the supplied electric potential and the strength of the
insulating polymer using the direct solution to the Schrodinger equation for tunneling where E > V.
The transmission probability was found to be very high, with tunneling 95% probable until a particle
separation of approximately 200 nm, at which the transmission probability began to decrease.
Since all metallic conductive nanoparticles have an inherent oxide layer when exposed to air
during NPC synthesis, a CuO shell was incorporated on the particles in the nanocomposite. The
barrier potential was recalculated from the dielectric strength of the polymer and the electron
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affinity and ionization potential of CuO. This new addition of the electron tunneling between the
semiconducting oxide layers around the Cu core increased the tunneling probability to be 95%
probable until the particles were separated more than 300 nm.
This result indicated that electrons in the semiconducting CuO layer are able to better overcome
the potential barrier of the insulating PMMA matrix and travel a farther distance within the insulator
compared to the electrons in the pure metallic Cu core of the nanoparticles. Thus, the inclusion of
the inherent oxide layer on conductive nanoparticles within NPC’s had a noticeable effect on the
tunneling distance within the composite, and this method has potential to be a more accurate model
of nanocomposites that contain metallic filler particles in the future.
Using the direct solution to the Schrodinger equation for quantum tunneling to evaluate the
nonlinear conductivity phenomenon near the percolation threshold of nanocomposites was a novel
approach and resulted in probable tunneling distances much larger than the commonly accepted
10 nm tunneling limit.18,19,24,25 Previous studies, however, applied a low voltage limit.25 This new
approach provides a way to evaluate the tunneling distance for any nanocomposite for any level of
power from an RF source.
Additionally, a new model was implemented in MATLAB to describe the conductive behavior of
a nanocomposite in terms of both quantum and percolation theories by incorporating the tunneling
distance into a model that predicts the percolation threshold of a composite based on volume fraction.
Several simulations were performed for nanocomposites with overall dimensions on the microscale,
since macroscale models require the use of a supercomputer and were not feasible to complete
during this study. The results of the percolation simulations demonstrated that the percolation
threshold was lower for CuO/PMMA NPC’s compared to Cu/PMMA composites, which was due
to the longer distance that conduction electrons could tunnel within the CuO/PMMA composite
because of the effect of the semiconducting oxide layer.
Future efforts will involve creating Cu/PMMA and CuO/PMMA composites at specific volume
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fractions and measuring the conductivity across the samples in order to observe and quantify
the nonlinear increase in conductivity with increasing volume fraction for these materials. The
Mathematica and MATLAB models will then be implemented based on the experimental conditions
to verify the accuracy of the models and make adjustments if necessary. Other materials will also
be used in order to apply the quantum and percolation models to a variety of nanocomposites.
These models may be used to engineer new materials with specific desired electrical properties by
manipulating the volume faction around the percolation threshold.
Appendix A
Quantum Model Code
Figure A.1 Mathematica code for determining the transmission probability for quantum
tunneling in a Cu/PMMA nanocomposite.
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Figure A.2 Mathematica code for determining the transmission probability for quantum
tunneling in a CuO/PMMA nanocomposite.
Appendix B
Percolation Model MATLAB Code
The following is the MATLAB script built to examine the percolation threshold of a conductive
nanocomposite. The inputs are the dimensions of the composite, the radius of the particles, and a
tunneling distance that represents the distance an electron can travel within the composite between
particles. The tunneling distance was previously determined for Cu/PMMA and CuO/PMMA
nanocomposites. The main output of this model is the volume fraction of the NPC once the
percolation threshold has been reached and there is connectivity across the composite.
Shown below is an example of the model for a circular cylindrical composite with particle radius
of 25 nm and a tunneling distance of 200 nm, representing the Cu/PMMA NPC. For cylindrical
parameters of lx = ly = 2000 nm and lz = 1000 nm, the script was ran 50 times and achieved an
average volume fraction of 0.0065 at an average run time less than 20 seconds. In general, increasing
the size of the composite and thus the amount of particles needed to obtain the percolation threshold
will greatly increase the computational time of the model.
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1 c l e a r a l l
2
3 l x =2000;
4 l y = l x ; % c i r c u l a r c y l i n d e r
5 l z =1000;
6
7 R=25; % p a r t i c l e r a d i u s
8 T=200; % t u n n e l i n g d i s t a n c e
9
10 % i n i t i a l i z e c o o r d i n a t e a r r a y
11 c o o r d A r r a y ( 1 , 1 ) =0;
12 c o o r d A r r a y ( 1 , 2 ) =0;
13 c o o r d A r r a y ( 1 , 3 ) =0;
14
15 % and a c o u n t e r f o r t h e i n d e x / nube r o f p a r t i c l e s g e n e r a t e d
16 n u m P a r t i c l e s =1;
17
18 % f l a g t o i n d i c a t e f i r s t two p a r t i c l e s g e n e r a t e d
19 f l a g =0;
20
21 spanFound = f a l s e ;
22
23 % w h i l e 1
24 w h i l e spanFound == f a l s e
25 d i s p l a y ( n u m P a r t i c l e s ) ;
45
26 % G e n e r a t e an X, Y, and Z c o o r d i n a t e f o r each p a r t i c l e w i t h i n
t h e c y l i n d e r
27 t h e t a =2* p i * r and ( 1 ) ;
28 rho = ( ( l x / 2 )−2*R) * rand ( 1 ) +R ;
29 x ( 1 ) = rho * cos ( t h e t a ) ;
30 y ( 1 ) = rho * s i n ( t h e t a ) ;
31 z ( 1 ) =( l z −2*R) * rand ( 1 ) +R ;
32
33 %F i r s t two p a r t i c l e s g e n e r a t e d a r e p l a c e d on o p p o s i t e s i d e s o f
c y l i n d e r
34 i f ( f l a g ==0 | | f l a g ==1)
35
36 %O v e r w r i t e l o c a t i o n f o r f i r s t 2 p a r t i c l e s
37 i f ( f l a g ==0)
38 x ( 1 ) = ( ( ( l x / 2 )−2*R) +R) * cos ( p i ) ;
39 y ( 1 ) =0;
40 z ( 1 ) = l z / 2 ;
41 end
42 i f ( f l a g ==1)
43 x ( 1 ) = ( ( ( l x / 2 )−2*R) +R) * cos ( 0 ) ;
44 y ( 1 ) =0;
45 z ( 1 ) = l z / 2 ;
46 end
47 f l a g = f l a g +1;
48 end % end f l a g
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49
50 % P l a c e s an e n t r y i n t o t h e c o o r d A r r a y wi th t h e random xyz
c o o r d i n a t e s
51 c o o r d A r r a y ( n u m P a r t i c l e s , 1 ) =x ( 1 ) ;
52 c o o r d A r r a y ( n u m P a r t i c l e s , 2 ) =y ( 1 ) ;
53 c o o r d A r r a y ( n u m P a r t i c l e s , 3 ) =z ( 1 ) ;
54
55 % i f t h e r e a r e a t l e a s t 2 e l e m e n t s t o compare
56 i f s i z e ( c o o r d A r r a y ) >1
57 s p a n M a t r i x = z e r o s ( n u m P a r t i c l e s ) ;
58
59 % f o r e v e r y e l e m e n t i n t h e c o o r d A r r a y
60 f o r i = 1 : s i z e ( c o o r d A r r a y )
61 f o r j = 1 : i
62
63 % f o r e v e r y ( i , j ) p a i r do d i s t a n c e c a l c u l a t i o n
64 d =( s q r t ( ( c o o r d A r r a y ( i , 1 ) − c o o r d A r r a y ( j , 1 ) ) ^2
+ ( c o o r d A r r a y ( i , 2 ) − c o o r d A r r a y ( j , 2 ) ) ^2 + (
c o o r d A r r a y ( i , 3 ) − c o o r d A r r a y ( j , 3 ) ) ^2 ) ) ;
65
66 % t h e n check i f t h e d i s t a n c e i s c l o s e enough
67 i f d <= (2*R + T )
68 % t h e n t h e s e two span
69 s p a n M a t r i x ( i , j ) = 1 ;
70 s p a n M a t r i x ( j , i ) = 1 ;
47
71 e l s e
72 % l e a v e a z e r o i n t h e span m a t r i x
73 end % end i f d
74 end % end f o r j
75 end % end f o r i
76
77 f o r m = 1 : s i z e ( s p a n M a t r i x )
78 f o r n = 1 :m
79 % Check f o r a 1 o f f o f t h e d i a g o n a l
80 i f ( ( s p a n M a t r i x (m, n ) == 1) && (m ~= n ) )
81
82 %We have found a one o f f o f t h e d i a g o n a l ,
p r o c e e d t o f i n d a l l t h e ones i n t h a t
column
83 f o r checkCol = 1 : s i z e ( s p a n M a t r i x )
84 i f ( ( s p a n M a t r i x ( n , checkCol ) == 1) && ( n
~= checkCol ) )
85 % We have found a s u p e r s p a n n i n g
c l u s t e r
86 s p a n M a t r i x (m, checkCol ) = 1 ;
87 s p a n M a t r i x ( checkCol ,m) = 1 ;
88 e l s e
89 % n o t h i n g happens
90 end
91 end
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92 end
93 end
94 end
95 %i f ( s p a n M a t r i x ( 2 , 1 ) == 1 | | n u m P a r t i c l e s == 30)
96 f o r h = 1 : s i z e ( s p a n M a t r i x )
97 i f s p a n M a t r i x ( h , 1 ) == 1
98 %f i n d h , 2
99 i f s p a n M a t r i x ( h , 2 ) == 1
100 spanFound= t r u e ;
101 d i s p l a y ( n u m P a r t i c l e s ) ;
102 %d i s p l a y ( s p a n M a t r i x ) ;
103 %d i s p l a y ( c o o r d A r r a y ) ;
104 sz =R ; % s i z e o f marke r s
105 f i g u r e = s c a t t e r 3 ( c o o r d A r r a y ( : , 1 ) , c o o r d A r r a y
( : , 2 ) , c o o r d A r r a y ( : , 3 ) , sz , ' f i l l e d ' ) ;
106 view ( 4 0 , 4 0 ) ; % changes view of f i g u r e
107 d i s p l a y ( f i g u r e ) ;
108 %c a l c u l a t e volume f r a c t i o n
109 v o l F r a c = ( 4 * (R^3) * n u m P a r t i c l e s ) / ( 3 * ( ( l x / 2 ) ^2 ) *
l z ) ;
110 d i s p l a y ( v o l F r a c ) ;
111 end
112 end
113 end
114 end % end i f
49
115 % I n c r e m e n t number o f p a r t i c l e s
116 n u m P a r t i c l e s = n u m P a r t i c l e s +1;
117 end % end w h i l e
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